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LOCALLY CONFORMALLY SYMPLECTIC REDUCTION
OF THE COTANGENT BUNDLE
MIRON STANCIU
Abstract. In [S], we introduced a reduction procedure for locally con-
formally symplectic manifolds at any regular value of the momentum
mapping. We use this construction to prove an analogue of a well-known
theorem in the symplectic setting about the reduction of cotangent bun-
dles.
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1. Introduction
Equivariant symplectic reduction is a classical procedure (see [AM, pp.
298-299], [Br, ch. 7], [MS]) through which one obtains symplectic manifolds
by factoring the level sets of a momentum mapping given by the Hamiltonian
action of a Lie group on an original symplectic manifold. Its importance in
understanding symplectic geometry and topology, as well in obtaining new
examples, is hard to overestimate.
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2 MIRON STANCIU
The canonical symplectic structure of the cotangent bundle of any differ-
entiable manifold has a kind of universality property with respect to reduc-
tion. Namely, if a group G acts on a manifold Q such that the quotient Q/G
is a manifold, the action can be naturally lifted to a Hamiltonian action on
the cotangent bundle T ∗Q and the reduction at 0 of T ∗Q is symplectomor-
phic with the cotangent bundle T ∗(Q/G). When performing reduction at
a non-zero regular value of the momentum map, the symplectomorphism
becomes a symplectic embedding, see Theorem 3.2 where we reproduce the
theorem proved in [MMOPR].
Locally conformally symplectic (LCS for short) manifolds are quotients of
symplectic manifolds by a discrete group of homotheties of the symplectic
form. Alternatively, they are manifolds which are locally conformal to sym-
plectic manifolds; this can be reformulated to require that a non-degenerate
2-form satisfy a differential equation. Although the definition (not explicitly
stated) appears in 1943, [Lee], this geometry is widely studied only since the
seminal work of I. Vaisman, [V]. For a survey on recent progresses in LCS
geometry, see [Baz]. A result due to Eliashberg & Murphy, [EM], showed
that LCS structures exist on all compact complex manifolds with non-trivial
one-cohomology (see Section 2 for a precise statement). This gave new im-
petus on the research on LCS manifolds.
Symplectic reduction was first adapted to the LCS setting by Haller &
Rybicki, [HR1]. They introduced a method of reducing submanifolds of LCS
manifolds with special properties, but which does not apply, generally, to
level sets of momentum maps determined by a Lie group action. In [S],
we introduced an LCS reduction scheme which generalizes the equivariant
symplectic method and works, with similar hypotheses, for any regular value
of the momentum map.
On the other hand, the cotangent bundle of a manifold has many LCS
structures, given by choices of a closed 1-form on the manifold (this was
first noticed by [HR2]). It is then natural to try to adapt the symplectic
cotangent reduction theorems to the LCS setting. A useful observation is
that if a Lie group acts on a manifold, determining a principal bundle, then
the corresponding action on the cotangent bundle has the same momentum
map considered with the symplectic structure, as well as with any LCS
structure.
Our main result in this paper (Theorem 3.4) is that Theorem 3.2 is true,
in the same conditions, for the LCS structures of a cotangent bundle, reduced
as in [S], at non-zero regular values. In addition to the result itself, this shows
the naturality of the reduction scheme introduced in [S].
The paper is organized as follows. In Section 2 we introduce the necessary
background for LCS geometry and recall our constructions in [S]. Section
3 recalls the statement of the cotangent reduction theorems in symplectic
geometry, then presents the statement and proof of our main result. The
paper ends with the description of several examples which show the necessity
of the hypotheses in our statement.
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2. Twisted Hamiltonian actions and LCS reduction
2.1. Background on LCS geometry. We use this subsection to explain
the setting for our theorem, starting with a few basic definitions .
Definition 2.1: A manifold M with a non-degenerate two-form ω is called
locally conformally symplectic (for short, LCS ) if there exists a closed one-
form θ such that
dω = θ ∧ ω.
In that case, ω is called the LCS form and θ is called the Lee form of ω.
It was recently proven by Y. Eliashberg and E. Murphy that LCS mani-
folds are widespread:
Theorem 2.2: ([EM]) Let (M,J) be a closed 2n-dimensional almost com-
plex manifold and [η] a non-zero cohomology class in H1(M,Z). Then there
exists a locally conformally symplectic structure (ω, θ) in a formal homotopy
class determined by J , with θ = c · η for some real c 6= 0.
Definition 2.3: Let (M,ω, θ) be an LCS manifold. Define the twisted de
Rham operator
dθ = d− θ∧ : Ω
•(M) −→ Ω•+1(M).
In particular, dθω = 0. Since dθ = 0, we have d
2
θ = 0, so this operator
defines the so-called twisted or Morse-Novikov cohomology
H•θ (M) =
Ker dθ
Im dθ
.
Definition 2.4: On an LCS manifold (M,ω, θ), we can introduce a new
differential operator:
LθX : Ω
•(M) −→ Ω•(M)
the twisted Lie derivative along the vector field X, via the formula
LθXα = LXα− θ(X)α.
Using the usual Cartan equality, we see that LθX satisfies a similar equality
for the operator dθ, namely
LθXα = dθiXaα+ iXadθα.
Definition 2.5: In a symplectic vector space V , given a subspace W ≤ V ,
we denote by
W ω = {v ∈ V | ω(v,W ) = 0} ≤ V
the ω-dual of W . Since ω is non-degenerate, we have
dimW + dimW ω = dimV.
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Note that the above sum is not necessarily direct.
Remark 2.6: The LCS condition is conformally invariant in the following
sense. If ω is an LCS form on M with Lee form θ, then efω is also an LCS
form with Lee form θ + df , for any f ∈ C∞(M). Therefore, it is sometimes
more interesting to work with an LCS structure
[(ω, θ)] = {(efω, θ + df) | f ∈ C∞(M)}
on M rather than with particular forms in that structure. Note that a
symplectic form exists in a given LCS structure if and only if [θ] = 0 ∈
H1(M); in this case, the structure is called globally conformally symplectic
(GCS).
The following example gives a class of LCS structures on any cotangent
bundle and will provide the setting for the main theorem of this article:
Example 2.7: ([HR2]) In addition to the canonic symplectic structure, the
cotangent bundle of a given manifoldQ can be endowed with LCS structures:
Consider the tautological 1-form η on T ∗Q, defined in any point αx ∈ T
∗
xQ
by
ηαx(v) = αx(π∗v).
Then, for any θ a closed 1-form on Q, ωθ = dpi∗θη is an LCS form on T
∗Q
(which is not globally conformally symplectic unless θ is exact).
2.2. Twisted Hamiltonian actions. We now define the notions of twisted
Hamiltonian actions and the momentum mapping (these are the same used
by [V], [HR1], [BGP] and [I], among others).
Definition 2.8: Let (M,ω, θ) be an LCS manifolds and G a Lie group
acting on it.
i) For any a ∈ g, denote by Xa the fundamental vector field on M associ-
ated to a,
(Xa)x =
d
dt |t=0
(eta · x).
ii) The action is called twisted symplectic if
g∗ω = eϕgω and g∗θ = θ + dϕg,∀g ∈ G,
for ϕg some smooth function on M .
iii) The action if called twisted Hamiltonian if, in addition, for any a ∈ g,
the 1-form iXaω is dθ-exact, say
dθρa = iXaω.
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Remark 2.9: If θ is not exact, then the functions ρa as above are uniquely
determined (see e.g. [HR2] or [S, Proposition 2.4]). As the non-symplectic
setting is the interesting one for us, we will assume this to be the case.
Proposition 2.10: If ω (and thus θ) is G-invariant and the action is
twisted Hamiltonian, then θ(Xa) = 0 for all a ∈ g.
Proof. Indeed,
0 = dθiXaω = L
θ
Xa
ω − iXadθω = −θ(Xa)ω.
Since ω is non-degenerate, this implies θ(Xa) = 0, as required.
Definition 2.11: For a twisted Hamiltonian action of G on (M,ω, θ),
keeping the notations above, define the momentum mapping to be:
µ : M −→ g∗, µ(x)(a) = ρa(x), ∀a ∈ g.
Remark 2.12: Let (M,ω, θ) is an LCS manifold with a group action G.
Assume ω = dθη, with η and θ G-invariant.
Then the action is twisted Hamiltonian with momentum mapping
µ(x)(a) = −ηx((Xa)x).
Proof. We have, by Proposition 2.10,
0 = LXaη = L
θ
Xaη = dθ(η(Xa)) + iXaω =⇒ iXaω = −dθ(η(Xa)).
2.3. Lifting of actions to the LCS cotangent bundle. We now use
Remark 2.12 to make a quick computation in order to determine the mo-
mentum mapping for the action of a group on the cotangent bundle endowed
with an LCS structure, as in Example 2.7.
Proposition 2.13: Consider Q a manifold and G a Lie group acting
properly on it. Let θ be a closed 1-form on Q such that θ(Xa) = 0, for all
a ∈ g.
i) Denote by X˜a the fundamental vector fields of the natural action of
G on T ∗Q by push-forward. Then π∗X˜a = Xa.
ii) This action is twisted Hamiltonian.
iii) The momentum mapping is given by the formula
µ : T ∗Q −→ g∗, µ(α)(a) = −α(Xa).
and all its values are regular.
Proof. We compute the projection of the fundamental vector fields:
π∗((X˜a)αq ) = π∗(
d
dt
∣∣
t=0
eta · αq) =
d
dt t=0
(π(eta · αq))
=
d
dt t=0
(eta · q) = (Xa)q.
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For the last two items, we use the criterion given in Remark 2.12. Indeed,
ωθ = dpi∗θη and the tautological form η is G-invariant. Furthermore,
LXaθ = d(θ(Xa)) + iXadθ = 0,
so θ is also G-invariant. By Remark 2.12, the action is twisted Hamiltonian
with momentum mapping
µ(α)(a) = −ηα((X˜a)α) = −α(Xa).
Notice that µ does not depend on the chosen θ ∈ Ω1(Q).
Take ξ ∈ g∗. For ξ to be a regular value, we must show that codimKer dµ =
dimG. Take ω0 = dη. Then a simple calculation shows
(Ker dµ)ω0 = {Xa | a ∈ g}.
As the action is proper, the right hand side is of dimension dimG.
2.4. The LCS reduction method. In order to make this article more
self-contained, we end by reproducing the LCS reduction theorem proven in
[S], accompanied by a few technical remarks we will need later.
Theorem 2.14: ([S]) Let (M,ω, θ) be a connected LCS manifold and G a
connected Lie group acting twisted Hamiltonian on it.
Let µ be the momentum mapping and ξ ∈ g∗ a regular value. Denote by
F = Tµ−1(ξ) ∩ (Tµ−1(ξ))ω. Assume that one of the following conditions is
met:
• The action of G preserves the LCS form ω.
• G is compact, ξ ∧ θx(X·) = 0 for all x ∈ µ
−1(ξ) and there exists a
function h on µ−1(ξ) such that θ|F = dh.
If Mξ :=
µ−1(ξ)upslopeF is a smooth manifold and π : µ
−1(ξ) −→ Mξ is
a submersion, then Mξ has an LCS structure such that the LCS form ωξ
satisfies
π∗ωξ = e
fω|µ−1(ξ)
for some f ∈ C∞(µ−1(ξ)).
Moreover, one can take f = h; in particular, f = 0 if the action preserves
the LCS form.
Remark 2.15: In the above setting, the following can be proven (see [S]):
(Tµ−1(ξ))ω = {Xa + ξ(a)θ
ω | a ∈ g}
and
Tµ−1(ξ) ∩ (Tµ−1(ξ))ω = {Xa + ξ(a)θ
ω | a ∈ gξ}.
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3. The main isomorphism theorem
3.1. The symplectic cotangent reduction theorems. We start with a
few notations that will be useful in the description of the hypotheses of the
theorems and in the computations that will follow:
Definition 3.1: Consider a twisted Hamiltonian action of G on (M,ω, θ),
µ the momentum map and take ξ ∈ g∗.
Then we denote by ξ′ = ξ|gξ ∈ g
∗
ξ and by µ
′ : M −→ g∗ξ the momentum
map associated to the restricted action of Gξ on M .
Note that µ−1(ξ) ⊂ µ′−1(ξ′).
We recall the classical result in symplectic geometry regarding the cotan-
gent bundle reduction (see [MMOPR]):
Theorem 3.2: Let Q be a manifold with a free and proper action of a Lie
group G.
Let ω and ω0 be the canonical symplectic forms on T
∗Q and T ∗(Q/Gξ) re-
spectively. Denote by µ : T ∗Q −→ g∗ the corresponding momentum mapping
and take ξ ∈ g∗.
Assume there exists αξ ∈ Ω
1(Q) such that (αξ)q ∈ µ
′−1(ξ′) for all q ∈ Q
and which is Gξ invariant.
Then:
i) There exists a closed 2-form βξ on Q/Gξ such that p
∗βξ = dαξ.
Let Bξ = π
′∗βξ.
ii) There is a canonical embedding of LCS manifolds
ϕ : ((T ∗Q)ξ, ωξ) −→ (T
∗(Q/Gξ), ω0 +Bξ),
(where (T ∗Q)ξ is the symplectic reduction of T
∗Q) whose image cov-
ers Q/Gξ.
This is an isomorphism if and only if gξ = g.
iii) If, additionally, (αξ)q ∈ µ
−1(ξ) for all q ∈ Q, then
Imϕ = Ann(p∗O),
where O is the subbundle of TQ tangent to the orbits of G.
On the existence of a 1-form αξ as above, the following can be proven (see
again [MMOPR]):
Proposition 3.3:
1) If η is a connection of the principal bundle Q −→ Q/Gξ, then
αξ = ξ
′(η)
satisfies the hypotheses in Theorem 3.2.
2) If η is a connection of the principal bundle Q −→ Q/G, then
αξ = ξ(η)
satisfies the hypotheses in Theorem 3.2 and the additional condition
in iii) i.e. αξ ∈ µ
−1(ξ).
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3.2. The main results. We now state and prove our theorem, which can
be seen to accurately generalize Theorem 3.2 to the LCS setting:
Theorem 3.4: Let Q be a manifold with a free and proper action of a Lie
group G and take θ ∈ Ω1(Q/G) a closed 1-form.
Denote by µ : T ∗Q −→ g∗ the corresponding momentum mapping and
take ξ ∈ g∗.
We have the following diagram:
(T ∗Q,ω
θ˜
, θ˜) (T ∗(Q/Gξ), ωθ˜′ , θ˜
′)
(Q, θ)
(Q/Gξ , θ)
π
π′
p
where θ = p∗θ, θ˜ = π∗θ, θ˜′ = π′∗θ and ω
θ˜
and ω
θ˜′
are the LCS forms on
the respective cotangent bundles, as in Example 2.7.
Assume there exists αξ ∈ Ω
1(Q) such that (αξ)q ∈ µ
′−1(ξ′) for all q ∈ Q
and which satisfies
(3.1) LXaαξ = ξ(a)θ, ∀a ∈ gξ.
Then:
i) There exists a dθ-closed 2-form βξ on Q/Gξ such that p
∗βξ = dθαξ.
Let Bξ = π
′∗βξ.
ii) There is a canonical embedding of LCS manifolds
ϕ : ((T ∗Q)ξ, ωξ, θ˜ξ) −→ (T
∗(Q/Gξ), ωθ˜′ +Bξ, θ˜
′),
(where (T ∗Q)ξ is the LCS reduction of T
∗Q performed as in Theorem 2.14)
whose image covers Q/Gξ.
This is an isomorphism if and only if gξ = g.
iii) If, additionally, (αξ)q ∈ µ
−1(ξ) for all q ∈ Q, then
Imϕ = Ann(p∗O),
where O is the subbundle of TQ tangent to the orbits of G.
Outline of proof. Items i) and iii) are computational and we will go
into detail on them in the body of the proof.
The bulk of the proof concerns item ii). As it is rather technical, we begin
by explaining the broad steps and ideas involved:
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Step 1. We first prove the theorem for reduction at ξ = 0, in which case the
statement is that there exists a map
ϕ0 : ((T
∗Q)0 = µ
−1(0)/G, ω0, θ˜0)
∼
−→ (T ∗(Q/G), ωθ˜′ , θ˜
′)
that is a symplectomorphism. This map is canonical and can be
given explicitly.
Step 2. We next prove the theorem for any ξ ∈ g∗, but not yet in full gen-
erality, assuming the stabilizer of ξ with respect to the coadjoint
action is the whole group: Gξ = G. We then again want to prove
the existence of a symplectomorphism
ϕ : ((T ∗Q)ξ, ωξ, θ˜ξ) −→ (T
∗(Q/G), ω
θ˜′
+Bξ, θ˜
′).
We use the form αξ required in the hypothesis to construct a
“shift” diffeomorphism Sξ between the ξ-level set and the 0-level
set of the momentum map and then show that it descends to the
quotients i.e. the reduced spaces at ξ and 0, respectively. Explicitly,
this diffeomorphism is just subtracting αξ on every fiber.
Composing with the symplectomorphism ϕ0 described above, we
obtain the required map ϕ; the change of LCS form on T ∗(Q/G) to
ωθ˜′ +Bξ is determined by this usage of αξ.
This is all depicted in the diagram below:
T ∗Q
µ−1(ξ) µ−1(0)
(T ∗Q)ξ (T
∗Q)0 T
∗(Q/G)
i
i
Sξ
∼
Sξ
∼
π0
ϕ0
∼
πξ
ϕ
∼
Step 3. In full generality, we consider only the action of Gξ on T
∗Q and
notice that, since (Gξ)ξ′ = Gξ, we can apply the previous step for this
action, with respect to the value ξ′, to obtain a symplectomorphism
ϕ′ : ((T ∗Q)ξ′ , ωξ′ , θ˜ξ′) −→ (T
∗(Q/Gξ), ωθ˜′ +Bξ, θ˜
′).
We then use the inclusion (T ∗Q)ξ′ ⊂ (T
∗Q)ξ to construct the sym-
plectic embedding.
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Proof of Theorem 3.4. We begin by proving i). Since θ(Xa) = 0 and using
(3.1),
ξ(a)θ = LXaαξ = L
θ
Xaαξ = dθαξ(Xa) + iXadθαξ = dθ(−ξ(a)) + iXadθαξ
= ξ(a)θ + iXadθαξ,
so
iXadθαξ = 0, ∀a ∈ gξ.
This also implies
LXadθαξ = L
θ
Xadθαξ = dθ(iXadθαξ) = 0,
so dθαξ descends to a dθ (but not necessarily exact) 2-form βξ on Q/Gξ.
We not turn to item ii), following the three steps enumerated in the
outline.
Step 1. Assume ξ = 0.
The reduction at zero is just (T ∗Q)0 = µ
−1(0)/G. Recall from Proposition 2.13
that
µ−1(0) = {α ∈ T ∗Q | α(Xa) = 0, ∀a ∈ g}.
Define ϕ0 : µ
−1(0) −→ T ∗(Q/G) by
ϕ0(αq)(vqˆ) = αq(vq), for any αq ∈ µ
−1(0) and vqˆ ∈ Tqˆ(Q/G),
where vq ∈ TqQ such that p∗vq = vqˆ.
We first prove that ϕ0 is well defined. If vq and wq satisfy p∗vq = p∗wq =
vqˆ, then vq = wq + (Xa)q for some a ∈ g, so
αq(vq) = αq(wq + (Xa)q) = αq(wq),
since αq ∈ µ
−1(0).
Secondly, ϕ0 is surjective. Indeed, for η ∈ T
∗
qˆ (Q/G), take αq = p
∗η ∈
T ∗qQ; then, by definition, ϕ0(αq) = η.
Thirdly, notice that ϕ0 is G-invariant: take an αq ∈ µ
−1(0) and g ∈ G. If
vq ∈ TqQ satisfies p∗vq = vqˆ, then p∗(g∗vq) = vqˆ, so, following the definitions
of ϕ0 and the action of G on T
∗Q,
ϕ0(g · αq)(vqˆ) = (g · αq)(g∗vq) = αq(g
−1
∗ g∗vq) = αq(vq) = ϕ0(αq)(vq).
It follows that ϕ0 descends to a surjective map on the quotient
ϕ0 : µ
−1(0)/G −→ T ∗(Q/G).
We now show that this is also injective.
If ϕ0([αq]) = ϕ0([γq′ ]), then ϕ0(αq) = ϕ0(γq′), so there is a g ∈ G such
that q′ = g · q. Then
(g · αq)(vg·q) = αq(g
−1
∗ vg·q) = ϕ0(αq)(p∗g
−1
∗ vg·q) = ϕ0(αq)(p∗vg·q)
= ϕ0(γg·q)(p∗vg·q) = γg·q(vg·q), ∀ vg·q ∈ Tg·qQ,
i.e. g · αq = γq′ , so [αq] = [γq′ ].
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Hence, ϕ0 is a bijection from (T
∗Q)0 to T
∗(Q/G). We next show that
ϕ∗0ωθ˜′ = ω0, where ω0 is the LCS form on the reduced manifold (T
∗Q)0.
Keeping in mind the definition of ω0, it is sufficient to show that ϕ
∗
0ωθ˜′ = ωθ˜.
But as ω
θ˜′
= d
θ˜′
η′ and ω
θ˜
= d
θ˜
η, where η and η′ are the tautological 1-forms
on their respective cotangent bundles, it is furthermore sufficient to show
that ϕ∗0θ˜
′ = θ˜ and ϕ∗0η
′ = η.
Indeed,
(3.2) ϕ∗0θ˜
′ = ϕ∗0π
′∗θ = π∗p∗θ = θ˜,
as π′ ◦ ϕ0 = p ◦ π, and, using this same equality,
(ϕ∗0η
′)αq (Vαq ) = η
′
ϕ0(αq)
(ϕ0∗Vαq ) = ϕ0(αq)(π
′
∗ϕ0∗Vαq ) = ϕ0(αq)(p∗π∗Vαq )
= αq(π∗Vαq ) = ηαq (Vαq ).
(3.3)
It follows, since the LCS forms are non-degenerate, that ϕ0 is a bijective
immersion, hence an diffeomorphism preserving the LCS structure.
Step 2. Assume G = Gξ. Notice that, in this case, we ask that αξ ∈
µ−1(ξ) and
LXaαξ = ξ(a)θ, ∀a ∈ g.
Define a “shifting map” between level sets of the momentum map:
Sξ : µ
−1(ξ) −→ µ−1(0), Sξ(αq) = αq − (αξ)q
(this is well defined as the momentum map is linear on the fibers).
Notice Sξ is a diffeomorphism.
We first calculate the pullback of the LCS structure on T ∗Q through Sξ.
Since π ◦ Sξ = π,
(3.4) S
∗
ξ θ˜ = S
∗
ξπ
∗θ = π∗θ = θ˜.
On the other hand,
(S
∗
ξη)αq (Vαq ) = ηαq−(αξ)q (Sξ∗Vαq) = (αq − (αξ)q)(π∗Sξ∗Vαq )
= αq(π∗Vαq )− (αξ)q(π∗Vαq )
= ηαq (Vαq )− (π
∗αξ)αq (Vαq ),
i.e.
(3.5) S
∗
ξη = η − π
∗αξ.
Apply d
θ˜
to (3.5) and use (3.4) to find
(3.6) S
∗
ξωθ˜ = ωθ˜ − π
∗dθαξ.
We will need this computation for the following
Claim. Sξ transports the foliation (see Remark 2.15)
Fξ = Tµ
−1(ξ) ∩ (Tµ−1(ξ))ωθ˜ = {X˜a + ξ(a)θ˜
ω
θ˜ | a ∈ gξ = g}
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on µ−1(ξ) to the foliation
F0 = Tµ
−1(0) ∩ (Tµ−1(0))ωθ˜ = {X˜a | a ∈ g}
on µ−1(0), hence descends to a map Sξ : (T
∗Q)ξ −→ (T
∗Q)0.
To prove this claim, first notice that θ˜ωθ˜ is tangent to the fibers of T ∗Q.
Indeed, for any such fiber F ,
F ⊂ Ker θ˜ =⇒ F ⊃ (Ker θ˜)ωθ˜ = 〈θ˜ωθ˜〉,
since F is a Lagrangian submanifold of T ∗Q.
Now, for an αq ∈ µ
−1(ξ) and V ∈ Tαq−(αξ)q(T
∗Q), using this fact and
(3.6), we have
(ω
θ˜
)αq−(αξ)q (Sξ∗θ˜
ω
θ˜
αq , V ) = (ωθ˜)αq−(αξ)q (Sξ∗θ˜
ω
θ˜
αq , Sξ∗(S
−1
ξ )∗V )
= (S
∗
ξωθ˜)αq (θ˜
ω
θ˜
αq , (S
−1
ξ )∗V )
= (ω
θ˜
− π∗dθαξ)αq (θ˜
ω
θ˜
αq , (S
−1
ξ )∗V )
= θ˜αq((S
−1
ξ )∗V )− (π
∗dθαξ)αq (θ˜
ω
θ˜
αq , (S
−1
ξ )∗V )
= θq(π∗(S
−1
ξ )∗V ) = θq(π∗V )
= θ˜αq−(αξ)q (V )
hence
(3.7) Sξ∗θ˜
ω
θ˜ = θ˜ωθ˜ .
The claim is then equivalent to
Sξ∗(X˜a) = X˜a − ξ(a)θ˜
ω
θ˜ , ∀a ∈ g.
Lemma 3.5 The condition
Sξ∗(X˜a) = X˜a − ξ(a)θ˜
ω
θ˜ , ∀a ∈ g.
is equivalent to assumption (3.1) in the hypothesis.
We postpone the proof of this lemma until after the main theorem is
proven.
The mapping Sξ then descends to a diffeomorphism
Sξ : (T
∗Q)ξ −→ (T
∗Q)0.
Define
ϕ = ϕ0 ◦ Sξ : (T
∗Q)ξ −→ T
∗(Q/G),
where ϕ0 is the diffeomorphism defined in Step 1.
It now only remains to show that
ϕ∗(ωθ˜′ +Bξ) = ωξ and ϕ
∗θ˜′ = θ˜ξ.
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Since ωξ and θ˜ξ are defined by the equations p
∗
ξωξ = ωθ˜ and p
∗
ξθξ = θ˜, where
pξ : µ
−1(ξ) −→ (T ∗Q)ξ is the natural projection, this is equivalent to
S
∗
ξϕ
∗
0(ωθ˜′ +Bξ) = ωθ˜ and S
∗
ξϕ
∗
0θ˜
′ = θ˜.
But, using the definition of Bξ, (3.3) and (3.6),
S
∗
ξϕ
∗
0(ωθ˜′ +Bξ) = S
∗
ξϕ
∗
0(ωθ˜′ + π
′∗βξ) = S
∗
ξ(ωθ˜ + π
∗p∗βξ)
= ωθ˜ − π
∗dθαξ + π
∗dθαξ
= ωθ˜.
Similarly, using (3.2) and (3.4),
S
∗
ξϕ
∗
0 θ˜
′ = S
∗
ξ θ˜ = θ˜.
Step 3. In full generality, having (αξ)q ∈ µ
′−1(ξ′), for all q ∈ Q, we can
apply Step 2 for the action of Gξ on Q, since, obviously, (Gξ)ξ′ = Gξ.
This produces a diffeomorphism compatible with the LCS structures
ϕ′ : (µ′−1(ξ′)/Fξ , ωξ′ , θ˜ξ′) −→ (T
∗(Q/Gξ), ωθ˜′ +Bξ, θ˜
′),
where
Fξ = Tµ
−1(ξ) ∩ (Tµ−1(ξ))ωθ˜ = {X˜a + ξ(a)θ˜
ω
θ˜ | a ∈ gξ}
= Tµ′−1(ξ′) ∩ (Tµ′−1(ξ′))ωθ˜ .
But note that
µ−1(ξ) ⊂ µ′−1(ξ′) =⇒ (µ−1(ξ)/Fξ) ⊂ (µ
′−1(ξ′)/Fξ).
Let i : (µ−1(ξ)/Fξ) →֒ (µ
′−1(ξ′)/Fξ) be this inclusion. It is clear that i is
compatible with the LCS structure on the two reduced spaces
i∗ωξ′ = ωξ and i
∗θξ′ = θξ.
so, in particular, it is an embedding.
Moreover, we claim (µ−1(ξ)/Fξ) = (µ
′−1(ξ′)/Fξ) if and only if g = gξ. If
g = gξ, the equality is clear by definition.
If (µ−1(ξ)/Fξ) = (µ
′−1(ξ′)/Fξ), we also have an equality of the level sets:
µ−1(ξ) = µ′−1(ξ′). But recall from Remark 2.12 that
(Tµ−1(ξ))ωθ˜ = {X˜a + ξ(a)θ˜
ω
θ˜ | a ∈ g}
while
(Tµ′−1(ξ′))ωθ˜ = {X˜a + ξ(a)θ˜
ω
θ˜ | a ∈ gξ}.
Together with the fact that G acts properly on Q, this implies g = gξ.
Thus, taking ϕ = ϕ′ ◦ i, we have the required embedding compatible with
the LCS structures, which is an diffeormorphism if and only if g = gξ.
We end with the proof of iii) i.e. Imϕ = Ann(p∗O). Note first that
Ker p∗|O = {Xa | a ∈ gξ}
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is of constant dimension equal to dimGξ , as the action is free and proper,
so p∗O is also of constant dimension and so is it’s annihilator. This shows
the right hand side is a subbundle of T ∗(Q/Gξ).
Take αq ∈ µ
−1(ξ) and a ∈ g. Then
ϕ([αq])(p∗Xa) = ϕ0Sξ([αq])(p∗Xa) = ϕ0Sξ(αq)(p∗Xa)
= (αq − αξ(q))(Xa) = −ξ(a) + ξ(a)
= 0.
For the other inclusion, let ηqˆ ∈ Ann(p∗O) and choose
αq = p
∗ηqˆ + αξ(q).
Then, for any a ∈ g,
αq(Xa) = ηqˆ(p∗Xa)− ξ(a) = −ξ(a),
so αq ∈ µ
−1(ξ). In addition,
ϕ([αq])(p∗Xa) = ϕ0Sξ(αq)(p∗Xa) = p
∗ηqˆ(Xa) = ηqˆ(p∗Xa) = 0.
This concludes the proof.
It only remains to give the proof of:
Lemma 3.5: In the context and with the notations of the previous theorem,
for an a ∈ g, the following are equivalent
(1) Sξ∗(X˜a) = X˜a − ξ(a)θ˜
ω
θ˜ ;
(2) LXaαξ = ξ(a)θ.
Proof. We make the necessary calculations in local coordinates.
Let (U, (qi)i=1,n) ⊂ Q be an open subset together with a chart, so T
∗Q|U =
T ∗U ≃ U × Rn. Denote by (qi, ci)i=1,n the coordinates on T
∗U . For any
a ∈ G and any q ∈ U , let
(Xa)q =
n∑
i=1
Xia(q)
∂
∂qi
.
We first derive the expression of X˜a. Since π∗X˜a = Xa, we have, for any
αq ∈ T
∗U , αq =
∑n
i=1 α
i
qdqi,
(X˜a)αq =
n∑
i=1
Xia(q)
∂
∂qi
+
n∑
i=1
bia(q)
∂
∂ci
,
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where, by the definition of the G action on T ∗Q as push-forward, the com-
ponents
bka (q) =
(
d
dt |t=0
((
e−ta
)∗
αq
))( ∂
∂ck
)
=
(
d
dt |t=0
(
n∑
i=1
αiqd
(
e−ta · q
)
i
))(
∂
∂ck
)
=

 d
dt |t=0

 n∑
i=1
αiq
n∑
j=1
∂
(
e−ta
)
i
∂qj
dqj



( ∂
∂ck
)
=
d
dt |t=0
(
n∑
i=1
αiq
∂
(
e−ta
)
i
∂qk
)
=
n∑
i=1
αiq
∂
(
d
dt |t=0
(
e−ta
)
i
)
∂qk
= −
n∑
i=1
αiq
∂Xia (q)
∂qk
,
hence
(3.8)
(
X˜a
)
αq
=
n∑
i=1
Xia (q)
∂
∂qi
−
n∑
i=1

 n∑
j=1
αjq
∂Xja (q)
∂qi

 ∂
∂ci
.
Let αξ(q) =
∑n
i=1 α
i
ξ(q)dqi. By definition and using (3.8),
Sξ∗((X˜a)αq ) =
d
dt |t=0
(
Sξ
(
eta · αq
))
=
d
dt |t=0
(
eta · αq − αξ
(
eta · q
))
=
n∑
i=1
Xia (q)
∂
∂qi
−
n∑
i=1

 n∑
j=1
αjq
∂Xja (q)
∂qi

 ∂
∂ci
−
n∑
i=1
d
dt |t=0
(
αiξ
(
eta · q
)) ∂
∂ci
=
n∑
i=1
Xia (q)
∂
∂qi
−
n∑
i=1

 n∑
j=1
(
αjq − α
j
ξ (q)
) ∂Xja (q)
∂qi

 ∂
∂ci
−
n∑
i=1

 n∑
j=1
αjξ (q)
∂Xja (q)
∂qi

 ∂
∂ci
−
n∑
i=1
Xa
(
αiξ
) ∂
∂ci
=
(
X˜a
)
αq−αξ(q)
−
n∑
i=1

 n∑
j=1
αjξ (q)
∂Xja (q)
∂qi
+Xa
(
αiξ
) ∂
∂ci
.
(3.9)
Let θ =
∑n
i=1 θidqi. The local expression of the tautological 1-form η on
T ∗Q is
η =
n∑
i=1
aidqi.
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Consequently,
ω
θ˜
= dη − θ ∧ η =
n∑
i=1
dai ∧ dqi −
∑
i<j
(θiaj − θjai)dqi ∧ dqj.
We have θ˜ωθ˜ =
∑n
i=1 li
∂
∂qi
+
∑n
i=1 pi
∂
∂ci
, satisfying
ω
θ˜
(θ˜ωθ˜ , V ) = θ˜(V ), ∀V ∈ T (T ∗U)
which, in local coordinates, is equivalent to
n∑
i=1
piv
′
i − liv
′′
i −
∑
i<j
(θiaj − θjai)(liv
′
j − ljv
′
i) =
n∑
i=1
θiv
′
i, ∀v
′
i, v
′′
i ∈ R
i.e. li = 0 and pi = θi for all i = 1, n, therefore
(3.10) θ˜ωθ˜ =
n∑
i=1
θi
∂
∂ai
(this again proves that θ˜ωθ˜ is tangent to the fibers of T ∗Q, as shown in the
previous theorem).
Now,
LXaαξ = LXa(
n∑
i=1
αiξdqi) =
n∑
i=1
((LXaα
i
ξ)dqi + α
i
ξd(LXaqi))
=
n∑
i=1
(Xa(α
i
ξ)dqi + α
i
ξd(X
i
a))
=
n∑
i=1
(αiξ
n∑
j=1
∂Xia
∂qj
dqj +Xa(α
i
ξ)dqi)
=
n∑
i=1
(
n∑
j=1
αjξ
∂Xja
∂qi
+Xa(α
i
ξ))dqi.
(3.11)
Comparing (3.9), (3.10) and (3.11), the proof is complete.
4. Examples
We now turn to a few classes of examples.
As opposed to the symplectic case (see Proposition 3.3), the conditions of
Theorem 3.4 for the existence of αξ are not always satisfied. We will see this
by constructing a class of examples of cotangent bundles whose reductions
at non-zero regular values are not (generally) cotangent bundles, so on such
manifolds no αξ with the required properties can exist.
We first prove an elementary lemma:
Lemma 4.1: Let M be a manifold with a free and proper S1 action. Take
ξ ∈ R, ξ 6= 0 and consider the action of R on R×M ,
s · (t,m) = (t+ ξs, eis ·m), ∀(t,m) ∈ R×M, ∀s ∈ R.
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Then there is a diffeomorphism ϕ : (R×M)/R
∼
−→M .
If α ∈ Ωk(R×M) is invariant to this R-action, then it descends to α0 =
α|{0}×M on M .
Proof. Consider the map
ϕ˜ : R×M −→M, ϕ˜(t,m) = e
− it
ξ ·m.
This is obviously a surjective submersion and only depends on the equiva-
lence class [(t,m)] since, for any s ∈ R,
ϕ˜(t+ sξ, eis ·m) = e
− i(t+sξ)
ξ · (eis ·m) = e
− it
ξ e−is · (eis ·m) = e
− it
ξ ·m
= ϕ˜(t,m),
so it descends to a diffeomorphism ϕ : (R×M)/R −→M .
Take now α ∈ Ω2(R×M) invariant to the R-action. We want to show that
ϕ˜∗α0 = α. Indeed, denoting i : {0} ×M −→ R×M the natural inclusion,
ϕ˜∗α0 = ϕ˜
∗i∗α = (i ◦ ϕ˜)∗α.
But (i ◦ ϕ˜)(t,m) = (0, e
− it
ξ · m) = (− t
ξ
) · (t,m) and α is R-invariant by
assumption, so we can continue
(i ◦ ϕ˜)∗α = α.
Proposition 4.2: Let M be a manifold with a free and proper S1 action.
This determines an action of S1 on Q = S1 ×M ,
eit · (z,m) = (z, eit ·m), ∀(z,m) ∈ Q.
Let θ be the canonical 1-form on S1; we also denote by θ its pullback to Q.
Then the reduction of (T ∗(S1×M), ω
θ˜
, θ˜) with respect to a non-zero value
ξ ∈ R is
(T ∗(S1 ×M))ξ ≃ (S
1 × µ′−1(ξ), ωθ˜|S1×µ′−1(ξ), θ˜|S1×µ′−1(ξ)),
where µ′ : T ∗M −→ R is the symplectic momentum mapping determined by
the action of S1 on T ∗M .
Proof. Recall from Proposition 2.13 that we have
µ : (T ∗(S1 ×M) ≃ S1 × R× T ∗M −→ R,
µ(z, t, αm) = µ
′(αm) = −αm(X),
where we denote by X = X1 the fundamental vector field corresponding to
1 ∈ R ≃ g. Hence,
µ−1(ξ) = S1 × R× µ′−1(ξ).
Recall that
(T ∗(S1 ×M))ξ ≃ µ
−1(ξ)/〈X + ξθ˜ω˜〉;
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a quick computation shows that θ˜ω˜ is the generator of TR so, by Lemma 4.1,
taking α = ω˜, we have
(T ∗(S1 ×M))ξ ≃ (S
1 × µ′−1(ξ), ω
θ˜|S1×µ′−1(ξ), θ˜|S1×µ′−1(ξ)),
as claimed.
Note that, in particular, this implies that the reduces LCS manifold is
not necessarily a cotangent bundle.
Example 4.3: Take M = S3 with the standard action of S1. According
to Theorem 3.4,
(T ∗(S1 × S3))0 ≃ T
∗(S1 × CP1).
We have the momentum map
µ′ : T ∗S3 ≃ S3 ×R3 −→ R, µ′(q, (a, b, c)) = c,
where we have a canonical trivialization for the cotangent bundle T ∗S3 aris-
ing from the quaternionic structure of S3.
Then, according to Proposition 4.2,
(T ∗(S1 × S3))ξ ≃ S
1 × S3 ×R2 6≃ T ∗(S1 × CP1).
As opposed to the case described in Proposition 4.2, where Theorem 3.4
doesn’t work, there is a situation in which an αξ as required can be con-
structed using the results from the symplectic case:
Remark 4.4: If there exists a function f ∈ C∞(M) such that, for all
a ∈ gξ, Xa(f) = ξ(a), then an αξ satisfying the hypotheses of Theorem 3.4,
namely
(αξ)q ∈ µ
−1(ξ), ∀q ∈ Q,
LXaαξ = ξ(a)θ, ∀a ∈ Gξ.
exists.
Proof. Take an βξ as in Proposition 3.3 i.e. satisfying
(βξ)q ∈ µ
−1(ξ), ∀q ∈ Q,
LXaβξ = 0, ∀a ∈ Gξ.
Then, taking αξ = βξ + fθ, we have
(αξ)q ∈ µ
−1(ξ), ∀q ∈ Q,
LXaαξ = LXa(βξ + fθ) = Xa(f)θ = ξ(a)θ, ∀a ∈ Gξ.
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